An investigation is conducted on the acoustic resonance that develops in rectangular and cylindrical cavities with rigid walls. An analytical model for the small amplitude acoustic perturbations inside an enclosure with rigid walls is developed from classical linerized acoustics. The method is first applied to a rectangular geometry and the normalized mode shapes and frequencies of the first six standing wave modes are given. The results are used to diagnose whether coupling is likely to occur between the first two Rossiter modes and the acoustic standing waves, which may lead to a reinforcement of the flow instability. At the selected test conditions, the method indicates that the second Rossiter mode can couple with the first longitudinal acoustic mode. The acoustic resonant mode predictions for a cylindrical cavity of length to depth ratios 0.71 and 2.5, tested at nearincompressible speeds, suggest that the acoustic resonant modes and the main fluid dynamic instability in the enclosure are sufficiently apart in frequency not to strongly interact with one another. The parametrized analytical solutions developed in this study enable the aero-acoustic engineer to diagnose whether coupling between a given fluid dynamic instability and acoustic resonance is likely to affect a rectangular or cylindrical cavity component.
INTRODUCTION
The grazing flow past a surface cut-out can develop instabilities that adversely affect the aerodynamic performance of airframe, automotive, and railway components. Such instabilities can be either fluid dynamic, hydroelastic or flow-resonant, depending on whether aeroelastic or acoustic effects contribute to the flow unsteadiness.
The flow past the surface cut-out, or cavity, separates at the upstream edge, forming a shear layer, as shown in figure 1. Provided the cavity streamwise length to depth ratio (L/D) is low, typically L/D ≤ 6, the shear layer spans across the cavity opening and reattaches on the downstream wall, forming an 'open' cavity flow [1] . The known fluid dynamic instability processes for open cavities, as reviewed by Rowley & Williams [2] , are the Rossiter mechanism, whereby a downstream travelling shear-layer convective instability couples with an upstream feed-back wave inside the cavity, and the wake mode, which is a purely hydrodynamic instability [2] with global instability type features [3] .
For a given inflow condition and geometry, a cavity fluid dynamic instability can manifest itself as limit cycle modes spanning a specific frequency range. The presence of acoustic or aeroelastic resonant modes in an open cavity over the same frequency range can play an important role in mode selection [2] and in phase-locking the feed-back process. This paper presents an analytical method to determine the first six acoustic modes of a rectangular and of a cylindrical enclosure, so that the fluid dynamic practitioner can test whether, at a given operating condition, the instability is susceptible to acoustic resonance driven enhancement.
ANALYTICAL METHOD
The analytical method follows closely the conventional approach to determine the room modes in building acoustics. The acoustic pressure fluctuation inside an enclosure at International Standard Atmosphere ground conditions is small compared to the atmospheric pressure, so it can be regarded as an isentropic perturbation of the cavity time-averaged internal pressure. Inside the enclosure, the acoustic pressure fluctuation at location x and time t is governed by the wave equation (1) where a is the speed of sound and subscript c denotes the flow state inside the enclosure [4] . For a statistically stationary flow, the pressure perturbation can be decomposed into a summation of orthogonal Fourier components (2) where ω h is the h th Fourier component angular frequency and φ h is its phase angle at t = 0. Substituting Eq. (2) in Eq. (1) and imposing that each Fourier component satisfies Eq. (1) independently at all times gives the Helmholtz equation (3) where k h = ω h /a c is the wavenumber of the h th Fourier component.
Equation (3) is a second-order partial differential equation, therefore its solution requires two independent boundary conditions per spatial dimension. For an enclosure with rigid solid walls, the wall-normal flow velocity is zero. Therefore, by the conservation of momentum for inviscid flows, (4) at the rigid walls, where n is the inward wall-normal unit vector. At the cavity open end, a simple acoustic reflecting boundary condition is imposed. This condition is derived from classical duct acoustics, by considering an ideal abrupt expansion, as shown in figure 2. Consider the normal (vertical) flow across the cavity opening induced by the flow-normal (vertical) acoustic velocity just below the z = 0 plane. A real flow would separate at the cavity mouth, forming a jet that dissipates the kinetic energy of the acoustic velocity by viscous stresses in the jet shear layer. This dissipative mechanism results in a damped oscillation and this process is used, for instance, to design tuned acoustic dampers in a jet engine tail-cone. As this study seeks to identify the cavity undamped natural modes, a flow condition is sought at the z = 0 plane that prevents the onset of this dissipative mechanism. A simple condition that satisfies this requirement is to impose the flow-normal acoustic velocity at the cavity open end to be zero. At this condition, applying the conservation of momentum for inviscid flows in the flow-normal direction gives (5) The boundary condition of Eq. (5) is a strong hypothesis in the analytical model, as cavity flows typically feature flow-normal velocity fluctuations across the opening, driven by the unsteady shear layer, as sketched in figure 1. Such velocity fluctuations can be split between a viscous hydrodynamic component, associated to the unsteady hydrodynamic pressure and vorticity in the shear layer, and an inviscid acoustic perturbation, associated to the cavity acoustic field [5] [6] [7] . At low Mach numbers, the hydrodynamic component is dominant and the unsteady flow in the cavity can be successfully modelled by an incompressible viscous formulation that neglects the inviscid acoustic perturbation [6, 7] . At these conditions, setting the flow-normal acoustic velocity across the opening as zero amounts to neglecting one out of three components of the local acoustic velocity fluctuation, which is a small perturbation of the local flow velocity. Therefore the boundary condition of Eq. (5) (5) to determine the acoustic pressure spatial distribution inside the enclosure.
MODELLING THE NATURAL ACOUSTIC MODES OF A RECTANGULAR CAVITY 3.1. The Eigen-frequencies
In the Cartesian reference system of figure 1, Eq. (3) becomes (6) Similarly, the boundary conditions of Eqs. (4) and (5) 
The left hand side of Eq. (12) is independent from y while the right hand side is independent from x and z. Therefore, the two sides of the equation must match by a constant η 2 , independent from x, y and z. This decouples the system into The general solution of Eq. (17) is p z = A z cos (ζz -α ζ ), where A z is the amplitude of the pressure fluctuation, independent from z, and α ζ a phase angle to be evaluated using the boundary condition of Eq. (11). Substituting p z = A z cos (ζz -α ζ ) in Eq. (11) gives -A z ζ sin (-α ζ ) = 0, which has roots ζ = 0, implying a uniform pressure in z, and -α ζ = ±nπ, with n integer. Therefore, under the boundary condition of Eq. (11), Eq. (17) reduces to p z = A z cos (ζz ϯ nπ). Substituting this in Eq. (10) gives -A z ζ sin (-ζl z ϯ nπ) = 0, which has the roots ζ = ±nπ/l z , where n ≥ 0 is integer. Therefore Substituting this in Eqs. (7) and (8) gives α ξ = 0 and ξ = ±lπ /l x , where l ≥ 0 is integer. Therefore,
is a solution of Eq. (15) with the boundary conditions of Eqs. (7) and (8) .
From the definition of ξ, the cavity natural mode wavenumbers are
and from ω l,m,n = a c k l,m,n , the cavity acoustic eigen-frequencies f l,m,n = ω l,m,n /(2π) are
where l, m and n are arbitrary integers ≥ 0.
The Eigenvectors
The acoustic pressure distribution at the cavity natural frequencies f l,m,n is obtained from combining Eqs. ( , , ) cos( / ) cos / -= π π π π π / cos( / ) 2 obtained from the linear combination of all the natural modes in the cavity, according to Eq. (2). As the cavity natural modes are orthogonal, then
where φ l,m,n is the phase reference angle of each mode at time t = 0. 
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Rectangular Cavity Instability Reinforcement by Acoustic Resonance
Equation (22) can be used to diagnose whether, for a given cavity geometry and inflow Mach number, an enclosure is susceptible to acoustic resonance. Consider an enclosure of streamwise length l x = L, width l y = W and depth l z = D.
Multiplying both sides of Eq. (22) by L/U ∞ , with U ∞ being the free-stream velocity of the external flow approaching the cavity, gives the Strouhal numbers of the cavity acoustic modes
where γ is the ratio of the specific heats, Cp/Cv. Open cavities that feature a shear layer driven instability, commonly referred to as a Rossiter instability, do so at a Strouhal number that can be predicted by the Rossiter equation, modified by Heller & Bliss [9] , which is (26)
In Eq. (26), h is the Rossiter mode number, which is a positive integer, α is a phase delay in the cavity upstream pressure feed-back, and k c is the average phase speed of shear-layer convective instabilities across the cavity opening, normalized by U ∞ . Typical values for α and k c are 0.25 [10] and 0.57 [10] .
The necessary condition for a Rossiter mode to be reinforced by the cavity acoustic resonance is that the Strouhal number of a cavity acoustic resonance mode matches one component of the harmonic series of any Rossiter mode, that is Str l,m,n = oStr h , where o is an arbitrary integer. Figure 4 shows the acoustic and fluid dynamic Strouhal numbers of the L/ D = 2, L/W = 1 rectangular geometry studied by Bissessur et al. [8] at M ∞ = 0.6. The lines show the Strouhal numbers of the Rossiter modes predicted by the time-resolved numerical method of Bissessur et al. [8] . The dots show the Strouhal numbers of the first 15 acoustic modes from Eq. (25). The latter are plotted versus the number of nodal planes for each mode, which is given by l + m + n and is a measure of the acoustic mode shape complexity. The predictions by Bissessur et al. were obtained on a cluster of 36 Intel Pentium 4 processors, running an in-house CFD code written in Fortran 90 with MPI parallelizing directives [8] .
, , Figure 4 shows that only the low acoustic mode numbers have Strouhal numbers close to the Rossiter 1 and 2 modes, which were documented by Bissessur et al. [8] as being the most energetic fluid dynamic modes in the predicted pressure spectra. Specifically, the second Rossiter mode Strouhal number as predicted by Computational Fluid Dynamics (CFD) is within 3% of the Strouhal number of the first longitudinal acoustic mode, (l, m, n) = (1,0,0). Similarly, the Strouhal number of the second Rossiter mode second harmonic is also within 3% of the Strouhal number of the second longitudinal acoustic mode, (l, m, n) = (2,0,0).
Combining Eq. (25) and Eq. (26), the inflow Mach number at which the fluid dynamic and acoustic Strouhal numbers match is determined. Figure 5 
MODELLING THE NATURAL ACOUSTIC MODES OF A CYLINDRICAL CAVITY 4.1. The Eigen-frequencies
In the cylindrical coordinates of figure 6 , the Helmholtz equation, Eq. 
Whereas there is a straight-forward correspondence between Eq. (5) and Eq. (32), the relationship between Eq. (4) and Eqs. (28)-(31) is less immediate. Recall that, by virtue of the Helmholtz equation being a second-order partial differential equation, its integration requires exactly two independent boundary conditions per spatial dimension. As there is no solid boundary normal to θ in figure 6 , Eq. (4) is always satisfied in the θ direction by virtue of the θ-normal boundaries having zero extent. Therefore two replacement boundary conditions are required in θ to integrate Eq. (27). These are obtained by imposing that the pressure field in θ matches itself with a periodicity of 2π, as stated in Eq. (28). It is worth noting that Eq. (28) constitutes two boundary conditions in θ, imposed respectively on the θ = 0 lower θ boundary and on the θ = 2π upper θ boundary.
In the radial direction, it is imposed that the acoustic pressure fluctuation along the r = 0 axis is finite, which gives Eq. (29), and that the acoustic particle velocity normal to the cylindrical solid wall of diameter L = 2R is zero, which is Eq. 
Equation (34) has the same form of its Cartesian counterpart, Eq. (16), so its general solution is p θ = A θ cos (ηθ -α η ). Substituting this in Eq. (28) gives η = ±m, where m ≥ 0 is an integer. Therefore (36) where α m is the phase-shift angle with respect to the θ = 0 direction. α m remains indeterminate, as there is no solid boundary nor other reference to lock any of the azimuthal modes to a specific phase angle in a cylindrical cavity with smooth walls. The numerical experiments by Grottadaurea & Rona [11, 12] indicate that α m tends to align normal to the azimuthal direction of the freestream flow velocity above the cavity opening.
In , f m = (-1) m f -m , which implies that clockwise and anti-clockwise spinning modes of the same order |m| share the same eigen-value root of Eq. (40), therefore they have the same propagation characteristic. This enables an easy energy transfer between these mode pairs, so that, if a cylindrical cavity is forced at one spinning mode eigen-frequency, azimuthal waves may appear with a dominant clockwise or anti-clockwise component. When the clockwise and anti-clockwise mode pair have about the same modal amplitude, the instability will appear as an anti-symmetric fluctuation about the θ = α m + π/2 axis. An anti-symmetric instability is predicted by a numerical cylindrical cavity model of Grottadaurea & Rona [11, 12] , although the frequency predicted by the numerical model is lower, indicating that the anti-symmetric instability is probably fluid-dynamic rather than due to resonant acoustic modes. The oscillatory nature of the Bessel function is such that, for any given m, there is an infinite number of intersections of f m with the abscissa over the range ξR ≥ 0. This gives three intersections or roots of Eq. (40) in the range 0 ≤ ξR ≤ 10 for m = 0 and similar multiple roots for m ≠ 0. Table 1 lists the first three intersections along the ξR axis in the positive direction, starting from ξR = 0. These have been numbered consecutively for increasing ξR, so that ξ l,m R is the l th root of the azimuthal mode m, where l ≥ 0 is integer. The radial acoustic pressure distribution is therefore given by (41) The roots in table 1 were obtained by evaluating f m over the range 0 ≤ ξR ≤ 10 at increments of ∆ξR = 0.1 and by interpolating linearly between each ξR pair lying on either side of each zero crossing. This technique was chosen in favour of a conventional Newton-Raphson iteration as the latter would have converged to just one out of the l possible roots of Eq. (40), for any given value of m. The root to which the method would have coverged depends on the initial guess of ξ l,m R that is used to prime the root seach. The oscillatory nature of the Bessel function is such that a poor initial guess for ξ l,m R, for instance close to a maximum of f m , would have resulted in the method finding a root remote from ξ l,m R, due to the local shallow gradient of f m . This may have led to some roots being missed out. The step by step searching of the roots prevented root skipping and produced results accurate to two decomal places. As f m is monotonic over the interval ±0.005 about each stated root, a Newton-Raphson iteration can make use of the values in table 1 as the starting point to reach an arbitrarily high level of significant digits.
From table 1 it can be noticed that the roots are interlaced, so that ξ l,m R < ξ l,m+1 R < ξ l+1,m R. This indicates that a higher azimuthal mode intercalates two consecutive radial modes in frequency. It is also of interest to note that the circular mode eigenvalues corresponding to a uniform radial pressure The m = 0 axisymmetric modes are shown in Subsection 4.3 to give rise to an acoustic particle velocity distribution that is singular at r = 0. This arises from the conservation of momentum of cylindrical waves collapsing on the axis of symmetry. Such a singularity is non-physical and would be prevented by the action of viscosity in a real fluid, which would dissipate the modal energy into heat. Therefore, the cylindrical cavity cannot support an undamped standing axisymmetric wave and the axisymmetric modes can only occur as damped modes in the system. The reader should be mindful of such a feature for the purpose of establishing the lowest self-sustained acoustic resonant eigenvalue of a cylindrical cavity.
From
and ω h = 2πf h , then the acoustic resonant eigenvalues for a cylindrical cavity are
where l, m and n are integers ≥ 0 and ξ l,m is obtained from table 1 by dividing the stated values by the cylinder radius R.
The Eigenvectors
The acoustic pressure perturbation at any given acoustic resonance frequency f l,m,n inside a cylindrical cavity is obtained by combining Eqs. (18), (37) and (41) by p h (r, θ, z) = p r (r) p θ (θ) p z (z). This gives 0.3975 Figure 8 . Pressure eigenmodes in a cylinder with rigid walls.
the cavity diameter L and the phase reference angle α m = π/2 for all m. There is some similarity between the second spinning mode (l, m, n) = (1, 2, 0) and the anti-symmetric shear-layer pattern predicted by Grottadaurea & Rona [11, 12] across the cavity opening. The time-dependent acoustic pressure fluctuation inside the cylindrical cavity due to the resonant modes can be reconstructed by a linear summation of the contributions from all modes, according to Eq. (2). As the cylindrical eigenvectors are orthogonal, then
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where φ l,m,n is the phase angle of mode (l, m, n) at time t = 0.
The Acoustic Velocity Inside a Cylindrical Cavity
The acoustic velocity vector u(x, t) induced by the acoustic pressure field of Eq. (45) can be estimated by applying Newton's second law to an elemental inviscid fluid particle of volume V bounded by a closed surface S. The net pressure force acting on S is equal to the particle mass times its acceleration. Therefore where ͛ s is a clockwise surface integral. By taking the surface integral anticlockwise and applying the Gauss divergence theorem, Eq. (46) becomes (47)
In the limit of the particle volume being vanishingly small, which is lim V → 0, then ρ∂u (x, t)/∂t = -∇p(x, t). Integrating with respect to time gives Equation (54) is singular on the cylinder axis r = 0, which derives from the conservation of momentum of a cylindrical wave collapsing on the cylindrical cavity axis. In a real viscous flow, the acoustic velocity fluctuation on the axis will be finite, resulting in damped axisymmetric modes. Figures 10(a) and 10(b) show the acoustic velocity distribution for the first two axisymmetric modes. Figure l0(a) shows a monotonic increment of the acoustic velocity from the cylindrical wall towards the centre, as indicated by the concentric velocity iso-contour lines. The velocity distribution in a small region around the cylinder axis where the velocity becomes singular has been excluded from the plot. In Fig. l0(b) , the monotonic increase of acoustic velocity towards the cylinder axis starts from a nodal plane of radius ~0.25R, resulting in a sharper rise in acoustic velocity towards the cylinder axis and in a smaller region where the large amplitude velocity fluctuations in a real fluid will be significantly damped by viscosity.
Figures l0(c) and l0(d) show a vector plot of the acoustic velocity distribution of the first two azimuthal modes. The velocity magnitude at each position inside the cylindrical walls is shown normalized by the mode amplitude A l,m,n /(ρa c ). For convenience, the velocity magnitude distribution is shown both by the Figure 10 . Acoustic velocity in a cylinder with rigid walls.
implementation of the inviscid solid wall boundary condition of Eq. (30). The acoustic velocity of Fig. l0(c) is driven by two acoustic pressure anti-nodes at either side of the θ = 0 diameter, shown in Fig. 8(c) . This induces an acoustic velocity maximum in the θ = 3π/2 direction at the mid-point between the two pressure anti-nodes. The acoustic velocity is minimum at the pressure anti-node locations. In Fig. l0(d) , four pressure antinodes in Fig. 8(d) located at θ = ±π/4 and θ = ±3π/4 drive four velocity maxima at mid-points between the anti-nodes, at θ = 0, θ = π, and θ = ±π/2. Four velocity minima are at the anti-node locations. The same pattern of velocity maxima intercalating pressure antinodes repeats for the higher azimuthal mode numbers in Fig. 11 .
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Cylindrical Cavity Instability Reinforcement by Acoustic Resonance
Equation (42) can be used to determine whether, for a given cylindrical cavity diameter to depth ratio, a fluid dynamic instability is likely to be reinforced by acoustic resonance. Let L be the cavity diameter and U ∞ the free-stream velocity of a flow blowing tangentially over the cavity opening. The cylindrical cavity acoustic natural frequencies can be re-stated as Strouhal numbers These are plotted against the number of nodal planes in the corresponding eigenvectors, or mode shapes, which is a measure of the mode shape complexity. Numerical predictions of the cylindrical cavity flow were obtained on a node of 4 × 2.2GHz AMD Opteron 848 Processors with 8GB RAM [11, 12] . At M ∞ = 0.235, these indicate that the cavity exhibits a fluid dynamic self-sustained instability at a Strouhal number Str = 0.5295. This Strouhal number is marked by the red dashed line in Fig. 12 . At M ∞ = 0.3, the fluid dynamic instability Strouhal number is predicted [11, 12] to be Str = 0.491 and it is marked by the continuous black line in Fig. 12 . The acoustic and fluid dynamic Strouhal numbers for a nodal plane number of 0 and 1 are significantly different, indicating that the two instability mechanisms are not interacting at the selected flow conditions. The acoustic Strouhal numbers increase with the number of nodal planes, therefore preventing any significant acoustic-fluid dynamic resonance that involve higher acoustic mode numbers. Figure 13 shows the acoustic Strouhal numbers computed at the same inflow conditions for a L/D = 2.5 cavity. The red dots mark the acoustic Strouhal [11, 12] . These fluid dynamic Strouhal numbers are marked by the discontinuous red line and continuous black line in Fig. 13 . The acoustic azimuthal mode Strouhal numbers closest to the fluid dynamic ones are Str = 3.27 at Mach 0.235 and Str = 2.57 at Mach 0.3. These are sufficiently far from the fluid dynamic Strouhal numbers so that coupling between these modes is unlikely at the selected test conditions. The first acoustic axisymmetric mode, that has a number of nodal planes equal to zero, has instead a Strouhal number that is close to the fluid dynamic one at Mach 0.3. However, as this acoustic mode is damped, it is unlikely generate an amplification of the fluid dynamic resonance.
CONCLUSION
An analytical method is presented to estimate the acoustic resonant modes of an open cavity, which is applicable to an arbitrary shaped enclosure. The method is applied to determine the acoustic resonant eigen-frequencies and mode shapes of a rectangular and of a cylindrical cavity.
The model is of practical use to determine whether acoustic resonance can reinforce fluid dynamic instabilities that often characterize open cavity flows. As a practical example, the interaction between the acoustic resonance and the Rossiter modes in an L/D = 2, L/W = 1, Mach 0.6 model cavity flow was considered. It was found that, at the selected test conditions, the coupling between the fluid dynamic and acoustic instabilities was likely for the Rossiter 2 mode and its second harmonic.
The application of the analytical method to a cylindrical geometry highlighted salient physical aspect of acoustic resonance in a cylinder with rigid walls. It was determined that an axisymmetric standing wave pattern cannot be realized in a real flow, due to the high acoustic particle velocity that occurs at the cylinder axis. The absence of a geometrical reference point in the azimuthal direction around smooth cavity walls leaves the zero phase angle of azimuthal modes indeterminate. In practice, this means that azimuthal cavity resonant modes may precess over time. Therefore, a control strategy for such a flow resonant instability may start by considering the addition of a tab around the walls to act as a phase reference lock for the azimuthal modes, so to reduce the degrees of freedom the controller has to tackle. Also, when experiments are conducted on a cylindrical cavity flow, attention must be paid to any azimuthal precession of any nodal plane of the flow instabilities during the test, for instance, by including an adequate monitoring strategy of the pressure phase around the cylinder perimeter.
The analytical method was used to check for any frequency coupling between the aerodynamic instability of a cylindrical cavity with aspect ratios 0.714 and 2.5 tested at Mach numbers 0.235 and 0.3 and the acoustic modes of the cylinder. No evidence of such coupling was found over the range of acoustic mode numbers tested.
